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1. INTRODUCTION
 Hardy’s inequality 7 , which is one of the very few classic and most
influential results in the theory and applications of inequalities, states that,
Ž . Ž . Ž .for any p 1 and any integrable function g x  0 on 0, , if G x 
x Ž .H g t dt, then0
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p p
 1 p
pG x dx g x dx 1Ž . Ž . Ž .H Hž /x p 10 0
unless g 0, where the constant here is best possible. Hardy’s inequality
Ž .  1 has been generalized by Hardy himself in 8 . There he showed that, for
Ž . Ž .any m 1, p 1, and any integrable function g x  0 on 0, , if
H x g t dt for m 1,Ž .0G x Ž . ½ H g t dt for m 1,Ž .x
then
p
 p pm p mx G x dx x xg x dx 2Ž . Ž . Ž .H Hž / m 10 0
unless g 0, where the constant here is also best possible.
Because of their fundamental importance in the discipline, over the
years much effort and time have been devoted to the improvement and
Ž . Ž .generalizations of Hardy’s inequalities 1 and 2 . These include, among
 others, the works in 16, 912, 1419 . It is the purpose of this paper to
establish new Hardy-type inequalities involving many functions which on
 the one hand generalize some existing results of Isumi and Isumi 11 ,
   Levinson 12 , and Pachpatte 1618 to much more general situations, and
on the other hand improve such existing results upon restriction to their
respective situations.
2. MAIN RESULTS
Throughout this paper, n 1 is an integer and i, j are indices with
1 i, j n. Since all summations and products in this paper will be taken
over i, j from 1 to n, for the sake of simplicity, we shall drop the limits and
denote these simply as Ý , Ý , and Ł , Ł , etc.i j i j
The following two theorems generalize and improve some recent results
   of Pachpatte in 17 and 18 .
Ž . Ž .THEOREM 1. For any i 1, . . . , n, let f : 0,  0, be absolutelyi
Ž .  .continuous, let g : 0,  0, be integrable, and let p  q  0, m  qi i i i i
be real numbers such that Ý q  1 andi
p xf  x 1Ž .i i
1	   0 a.e.ž /m  q f x Ž .i i i i
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for some constants   0. If we denote pÝ p , mÝ m , andi i i
x1 f t g tŽ . Ž .i i
 x  dt , x
 0, ,Ž . Ž .Hi f x tŽ . 0i
then

m pix  x dxŽ .ŁH i
0 i
p qi i p i ip p  q Žm  q . p  qj i i i i i i C q C x g x dx 3Ž . Ž .Ł Ý Hj i i iž / m  q 0j i ii
for any constants C  0.i
COROLLARY 1. Under the same conditions as in Theorem 1, we hae
 
m p Žm  q . p  qi i i i ix  x dx C x g x dx ,Ž . Ž .Ł ÝH Hi i
0 0i i
where
pjp j jq jC q .Ł j ž /m  qj j j
Proof. It follows immediately from Theorem 1 by setting
1p i iŽq  p .i iC  qi i ž /m  qi i
for all i 1, . . . , n. Q.E.D.
Ž . Ž .COROLLARY 2. Let m 1. For any i 1, . . . , n, let f : 0,  0, bei
1Ž .  .absolutely continuous, let g : 0,  0, be integrable, let p  , and leti i n
np xf  x 1Ž .i i
1	   0 a.e.ž /m 1 f x Ž .i i
for some constants   0. Ifi
x1 f t g tŽ . Ž .i i
 x  dt , x
 0, ,Ž . Ž .Hi f x tŽ . 0i
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then
n pi 1  npi im p m n pi ix  x dx x g x dx. 4Ž . Ž . Ž .Ł ÝH Hi in m 10 0i i
Proof. This follows immediately from Theorem 1 by letting
m 1
m  , q  , and C  1i i in n
for all i 1, . . . , n. Q.E.D.
Ž .Remark 1. Inequality 4 is exactly the same inequality obtained by
 Pachpatte in 17, Theorem 3 for the case m 1; the only difference is
Ž .that our conditions for inequality 4 are significantly milder. More pre-
 cisely, in 17 it was required that p  1 for all i, but here for inequalityi
1Ž . Ž .4 , we only need p  for all i. Note also that 3 also generalizes somei n
 results of Levinson in 12 .
Ž . Ž .THEOREM 2. For any i 1, . . . , n, let f : 0,  0, be absolutelyi
Ž .  .continuous, let g : 0,  0, be integrable, and let p  q  0, q mi i i i i
be real numbers such that Ý q  1 andi
p xf  x 1Ž .i i
1   0 a.e.ž /q m f x Ž .i i i i
for some constants   0. If we denote pÝ p , mÝ m , andi i i
1 f t g tŽ . Ž .i i
 x  dt , x
 0, ,Ž . Ž .Hi f x tŽ . xi
then

m pix  x dxŽ .ŁH i
0 i
p qi i p i ip p  q Žm  q . p  qj i i i i i i C q C x g x dx 5Ž . Ž .Ł Ý Hj i i iž / q m 0j i ii
for any constants C  0.i
COROLLARY 3. Under the same conditions as in Theorem 2, we hae
 
m p Žm  q . p  qi i i i ix  x dx C x g x dx ,Ž . Ž .Ł ÝH Hi i
0 0i i
where
pjp j jq jC q .Ł j ž /q mj j j
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Proof. This follows immediately from Theorem 2 by setting
1p i iŽq  p .i iC  qi i ž /q mi i
for all i 1, . . . , n. Q.E.D.
Ž . Ž .COROLLARY 4. Let m 1. For any i 1, . . . , n, let f : 0,  0, bei
1Ž .  .absolutely continuous, let g : 0,  0, be integrable, let p  , and leti i n
np xf  x 1Ž .i i
1   0 a.e.ž /1m f x Ž .i i
for some constants   0. Ifi
1 f t g tŽ . Ž .i i
 x  dt , x
 0, ,Ž . Ž .Hi f x tŽ . xi
then
n pi 1  npi im p m n pi ix  x dx x g x dx. 6Ž . Ž . Ž .Ł ÝH Hi in 1m0 0i i
Proof. This follows immediately from Theorem 2 by letting
m 1
m  , q  , and C  1i i in n
for all i 1, . . . , n. Q.E.D.
Ž .Remark 2. Similar to Remark 1 above, inequality 6 is exactly the
 inequality obtained by Pachpatte in 17, Theorem 3 for the case m 1;
Ž .the only difference is that our conditions for inequality 6 are significantly
 milder. More precisely, in 17 it was required that p  1 for all i, whilei
1Ž .here for inequality 6 we only need p  for all i.i n
The next theorem generalizes and improves some recent results of Isumi
   and Isumi 11 and Pachpatte 16, 17 .
Ž . Ž .THEOREM 3. Let b 0. For any i 1, . . . , n, let f : 0, b  0, bei
Ž .  .absolutely continuous, let g : 0, b  0, be integrable, and let p  q  0,i i i
m  q be real numbers such that Ý q  1 andi i i
p xf  x 1Ž .i i
1	   0 a.e.ž /m  q f x Ž .i i i i
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for some constants   0. If we denote pÝ p , mÝ m , andi i i
x1 f t g tŽ . Ž .i i
 x  dt , x
 0, b ,Ž . Ž .Hi f x tŽ . x2i
then
b m pix  x dxŽ .ŁH i
0 i
p qi ip i ip p  qj i i C q CŁ Ýj i iž / m  qj i ii
p qi i1 x xb Ž m  q .i i x f x g x  f g dx 7Ž . Ž . Ž .H i i i iž / ž /f x 2 2Ž .0 i
for any constants C  0.i
COROLLARY 5. Under the same conditions as in Theorem 3, we hae
b m pix  x dxŽ .ŁH i
0 i
p qi i1 x xb Ž m  q .i i C x f x g x  f g dx ,Ž . Ž .ÝH i i i iž / ž /f x 2 2Ž .0 ii
where
pjp j jq jC q .Ł j ž /m  qj j j
Proof. It follows immediately from Theorem 3 by setting
1p i iŽq  p .i iC  qi i ž /m  qi i
for all i 1, . . . , n. Q.E.D.
Ž .COROLLARY 6. Let b 0 and m 1. For any i 1, . . . , n, let f : 0, bi
Ž . Ž .  . 0, be absolutely continuous, let g : 0, b  0, be integrable, leti
1p  , and leti n
np xf  x 1Ž .i i
1	   0 a.e.ž /m 1 f x Ž .i i
for some constants   0. Ifi
x1 f t g tŽ . Ž .i i
 x  dt , x
 0, b ,Ž . Ž .Hi f x tŽ . x2i
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then
b m pix  x dxŽ .ŁH i
0 i
n p i1  npi i Ýn m 1i
n p i1 x xb m x f x g x  f g dx. 8Ž . Ž . Ž .H i i i iž / ž /f x 2 2Ž .0 i
Proof. This follows immediately from Theorem 3 by letting
m 1
m  , q  , and C  1i i in n
for all i 1, . . . , n. Q.E.D.
Ž .Remark 3. When b  , inequality 8 is exactly the same inequality
   obtained by Pachpatte in 16, Theorem 1 and 17, Theorem 6 ; the only
Ž .difference is that our conditions for inequality 8 are significantly milder.
   More precisely, in 16 and 17 it was required that p  1 for all i, whilei
1Ž .here for inequality 8 , we only need p  for all i. Note that inequalityi n
Ž .  7 also generalizes a result of Isumi and Isumi 11, Theorem 2 , which only
deals with the situation where n 1.
3. PROOFS OF MAIN RESULTS
Ž .LEMMA 1. Let p q 0 and r 1 be real numbers. Let f : 0, 
Ž . Ž .  .0, be absolutely continuous and let g : 0,  0, be integrable so that
p 1 xf  x 1Ž .
1	   0 a.e.ž /q r 1 f x Ž .
Ž .for some constant  0. For any a
 0, , let
x1 f t g tŽ . Ž .
	 x  dt , x
 0, .Ž . Ž .Hf x tŽ . a
Then for any b a,
pqp b br p q r p qx 	 x dx 
 x g x dx.Ž . Ž .H Hq r 1a a
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Proof. Upon integration by parts, we have
b r p qx 	 x dxŽ .H
a
br	1 xr pbp q p q1 	 b  g x 	 x dxŽ . Ž . Ž .Hr	 1 r	 1 qa
xr	1 p f  xŽ .b p q	 	 x dx.Ž .H r	 1 q f xŽ .a
Ž .Since r 1 and 	 b  0,
x p f  xŽ .b r p qx 	 x 1 dxŽ .H r	 1 q f xŽ .a
br p 1 bp q r p q1 	 b 	 
 x g x 	 x dxŽ . Ž . Ž .Hr	 1 q r 1 a
p 1 b Ž . Ž . pq p  pq pr r r Ž pq. q x x g x x 	 x dxŽ . Ž . Ž . Ž .Hq r 1 a
Ž .qp pq pp 1 b br p q r p q x g x dx x 	 x dx ,Ž . Ž .H Hq r 1 a a
 where the last inequality follows from Holder’s inequality 1315 with¨
p pindices and . Hence by assumption,q p q
1b r p qx 	 x 
 dxŽ .H
a
p 1 f  xŽ .b r p q x 	 x 
 1	 x dxŽ .H q r 1 f xŽ .a
Ž .qp pq pp 1 b br p q r p q x g x dx x 	 x dx ,Ž . Ž .H Hq r 1 a a
and thus on simplification, we have
pqp b br p q r p qx 	 x dx x g x dx.Ž . Ž .H Hž /q r 1a a
Q.E.D.
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Ž .Proof of Theorem 1. By Lemma 1, if for any fixed a
 0, we define
x1 f t g tŽ . Ž .i i
	 x  dt , x
 0, ,Ž . Ž .Hi f x tŽ . ai
then for any b a,
p qi ip b bi i p qŽm  q . p  q Žm  q . i ii i i i i ix 	 x dx x g x dx.Ž . Ž .H Hi im  qa ai i
 Now for any C  0, by the arithmetic-geometric inequality 9, 13, 14 , wei
have
qip qi im p Žm  p . pi i i i ix 	 x  x C 	 x CŽ . Ž .Ž .Ł Łi i i i½ 5
i i
qip qi ip Žm  p .j i i C x C 	 xŽ .Ž .Ł Łj i iž /
j i
 Cp j q C pi qi xŽ m i qi.	 pi qi x ,Ž .Ł Ýj i i iž /
j i
therefore,
b m pi ix 	 x dxŽ .ŁH i
a i
bp p  q Žm  q . p  qj i i i i i i C q C x 	 x dxŽ .Ł Ý Hj i i iž /
aj i
p qi ip  bi ip p  q Žm  q . p  qj i i i i i i C q C x g x dxŽ .Ł Ý Hj i i iž / m  q aj i ii
p qi i p i ip p  q Žm  q . p  qj i i i i i i C q C x g x dx.Ž .Ł Ý Hj i i iž / m  q 0j i ii
Ž .Hence for any c
 a, b ,
p qi ip b i im p p p  qi i j i ix 	 x dx C q CŽ .Ł Ł ÝH i j i iž / m  qc i j i ii

Ž m  q . p  qi i i i x g x dx.Ž .H i
0
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Letting a 0	, we have
p qi ip b i im p p p  qi i j i ix  x dx C q CŽ .Ł Ł ÝH i j i iž / m  qc i j i ii

Ž m  q . p  qi i i i x g x dx.Ž .H i
0
Since this is true for all 0 c b ,
p qi i p i im p p p  qi i j i ix  x dx C q CŽ .Ł Ł ÝH i j i iž / m  q0 i j i ii

Ž m  q . p  qi i i i x g x dx.Ž .H i
0
Q.E.D.
Ž .LEMMA 2. Let p q 0 and r 1 be real numbers. Let f : 0, 
Ž . Ž .  .0, be absolutely continuous and let g : 0,  0, be integrable so that
p 1 xf  x 1Ž .
1   0 a.e.ž /q 1 r f x Ž .
Ž .for some constant  0. For any b
 0, , let
1 f t g tŽ . Ž .b
 x  dt , x
 0, .Ž . Ž .Hf x tŽ . x
Then for any 0 a b,
pqp b br p q r p qx  x dx 
 x g x dx.Ž . Ž .H Hž /q 1 ra a
Proof. It is an exact analogue of the proof of Lemma 1 under suitable
modifications. Q.E.D.
Proof of Theorem 2. It follows from Lemma 2 by analogous arguments
to those in the proof of Theorem 1. Q.E.D.
LEMMA 3. Let b 0, p q 0, and r 1 be real numbers. Let
Ž . Ž . Ž .  .f : 0, b  0, be absolutely continuous and let g : 0, b  0, be inte-
grable so that
p 1 xf  x 1Ž .
1	   0 a.e.ž /q r 1 f x Ž .
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for some constant  0. Let
x1 f t g tŽ . Ž .
 x  dt , x
 0, b .Ž . Ž .Hf x tŽ . x2
Then
b r p qx  x dxŽ .H
0
pqpqp  1 x xb r 
 x 
 f x g x  f g dx.Ž . Ž .H ž / ž /ž /q r 1 f x 2 2Ž .0
Proof. Upon integration by parts, we have
b r p qx  x dxŽ .H
0
xr	1 p 1
p q   	 
Ž .r	 1 q r 1
1 x xb r p q1 x 
 f x g x  f g  x dxŽ . Ž . Ž .H ž / ž /f x 2 2Ž .0
p 1 f  xŽ .b r	1 p q 
 x  x dx ,Ž .Hq r 1 f xŽ .0
thus
p 1 xf  xŽ .b r p q1	 
 
 x  x dxŽ .H q r 1 f xŽ .0




 f x g x  f g  x dxŽ . Ž . Ž .H ž / ž /q r 1 f x 2 2Ž .0





 f x g x  f gŽ . Ž . Ž .H ž / ž /q r 1 f x 2 2Ž .0
Ž .  pq pr Ž pq. q x  x dxŽ . Ž .
p 1 b Ž .pq qr 




 f x g x  f g dxŽ . Ž . ž / ž / 5f x 2 2Ž .
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Ž .pq p
b 1r p q x  x dxŽ . Ž .H½ 5
0
qppqp 1 1 x xb r 
 x 
 f x g x  f g dxŽ . Ž .H ž / ž /½ 5q r 1 f x 2 2Ž .0
Ž .pq p
b r p q x  x dx ,Ž .H½ 5
0
 where the second inequality follows from Holder’s inequality 1315 with¨
p pindices and . By assumption,q p q
1b r p qx  x 
 dxŽ .H
0
p 1 f  xŽ .b r p q x  x 
 1	 
 x dxŽ .H q r 1 f xŽ .0
qppqp 1 1 x xb r 
 x 
 f x g x  f g dxŽ . Ž .H ž / ž /½ 5q r 1 f x 2 2Ž .0
Ž .pq p
b r p q x  x dx ,Ž .H½ 5
0
thus
b r p qx  x dxŽ .H
0
pqpqp  1 x xb r 
 x 
 f x g x  f g dx.Ž . Ž .H ž / ž /ž /q r 1 f x 2 2Ž .0
Q.E.D.
Proof of Theorem 3. By Lemma 3,
b Ž m  q . p  qi i i ix  x dxŽ .H i
0
p qi ip i i
q m q  1i i i
p qi i1 x xb Ž m  q .i i x 
 f x g x  f g dx.Ž . Ž .H i i i iž / ž /f x 2 2Ž .0 i
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Now for any constants C  0, by the arithmetic-geometric inequality 9,i
1315 , we have
qip qi im p m  p pi i i i ix  x  x C  x CŽ . Ž .Ž .Ł Łi i i i½ 5
i i
qip qi ip Žm  p .j i i C x C  xŽ .Ž .Ł Łj i iž /
j i
 Cp j q C pi qi xŽ m i qi. pi qi x ,Ž .Ł Ýj i i iž /
j i
thus
b m pi ix  x dxŽ .ŁH i
0 i
bp p  q Žm  q . p  qj i i i i i i C q C x  x dxŽ .Ł Ý Hj i i iž /
0j i
p qi ip i ip p  qj i i C q CŁ Ýj i iž / m  qj i ii
p qi i1 x xb Ž m  q .i i x f x g x  f g dx.Ž . Ž .H i i i iž / ž /f x 2 2Ž .0 i
Q.E.D.
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